We study the dynamics resulting out of an abrupt change of the two-particle interaction in two models of closed one-dimensional Fermi systems: (a) the field theoretical Tomonaga-Luttinger model and (b) a microscopic lattice model. Using a nonperturbative approach which is controlled for small two-particle interactions we are able to reach large times allowing us to access the properties of the steady state of the lattice model. Comparing those to the exact solution of the full dynamics in the Tomonaga-Luttinger model we provide evidence for universal Luttinger liquid behavior.
I. INTRODUCTION
With the rapid progress in the preparation and measurement techniques for isolated cold gases 1 investigating the fundamental questions of if and how a closed quantum many-body system prepared in a nonequilibrium initial state approaches a stationary one is within experimental reach. Studying the physics of the steady state itself is of particular interest if it is nonthermal, 2 that is expectation values of observables differ from those computed using a canonical statistical operator with the temperature fixed by the excess energy. One-dimensional (1d) interacting Fermi systems are promising candidates for realizing such unusual nonequilibrium states as in many of those the dynamics is restricted not only by energy conservation but by additional conservation laws. 3 An often studied protocol, which we also employ, is an abrupt quench of the amplitude U of the two-particle interaction: the system is prepared in the canonical ensemble of an initial Hamiltonian H(U i ), while the time evolution is performed with H(U f ), U f = U i . After taking the thermodynamic limit local observables might become stationary at long times t → ∞. 4, 5 In equilibrium the exactly solvable TomonagaLuttinger (TL) model 6,7 is the infrared fixed point model under a renormalization group (RG) flow of a large class of interacting 1d models in their ungapped metallic phase. 9 The low-energy physics of models out of this Luttinger liquid (LL) universality class 8 is given by that of the TL model. For spinless models the fixed point is characterized by the velocity v of the elementary excitations and the LL parameter K entering exponents of algebraically decaying correlation functions. Both depend on the parameters of a given model, in particular on U .
One of the hallmarks of LLs is their sensitivity towards inhomogeneities. For repulsive interactions with K < 1 the ground state density response function of a LL diverges as 10 χ(q, ω = 0) ∼ |q − 2k F | 2K−2 , with the Fermi momentum k F , indicating that even a single weak impurity acts as a strong perturbation. The homogeneous perfect chain fixed point is unstable.
11-13
The system flows towards an open chain one with strong consequences for the equilibrium low-energy properties; e.g. the linear conductance vanishes as G ∼ T 2K −1 −2 for temperature T → 0.
We provide evidence that the steady state of a microscopic 1d lattice model after an interaction quench is characterized by the same power laws as found in the steady state of the TL model after a similar quench [14] [15] [16] [17] [18] [19] with the K taken for the considered model parameters. As the RG arguments leading to this type of LL universality in equilibrium 9 cannot directly be transferred to nonequilibrium 16, [19] [20] [21] [22] this finding is far from obvious. It complements earlier indications of LL universality in the time evolution towards the steady state. 23 We compute the time evolution of the density as a function of the distance from an open boundary as well as that of the conductance across a single impurity as a function of T and take t → ∞. The dynamics of the TL model is solved exactly using standard bosonization. 6, 7, 24 To study the time evolution of the lattice model we use an approximate functional RG 25 based approach which so far was only applied to open quantum systems.
26 For small two-particle interactions this technique allows controlled access to time scales large enough such that the physics is dominated by the steady state. It complements calculations using the density-matrix renormalization group (DMRG) which provide 'exact' results at small t but abruptly become unreliable beyond a characteristic time scale;
27-30 the latter might be smaller than the one on which the steady state is reached. 23 We show that the fixed point structure of a single impurity in a nonequilibrium steady-state LL is similar to the one in equilibrium.
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The rest of the paper is structured as follows. In the following section we discuss the exact solution of the quench dynamics of the TL model via bosonization. In Sect. III we introduce the lattice model considered and show how its relaxation dynamics can be treated approximately within the functional RG. We then compare the prediction of the TL model for observables and correlation functions of the steady state with results obtained for the lattice model. Finally, in Sect. IV we briefly discuss the relation of our results to those obtained by fieldtheoretical methods and hint towards open questions.
II. TOMONAGA-LUTTINGER MODEL
The starting point of our investigation of LL universality is the exact computation of the desired observables and correlation functions within the (spinless) TL model. Starting out from the 1d electron gas the TL model is obtained by linearizing the single-particle dispersion and keeping only the marginal two-particle scattering terms. In contrast to earlier studies on interaction quenches in the TL model [14] [15] [16] [17] [18] [19] [20] 23, [31] [32] [33] we consider the one with open boundaries at x = 0 and x = L. 11, 34 This allows us to distinguish between bulk and boundary LL exponents. 35, 36 While in equilibrium the former are quadratic in the twoparticle interaction the latter are linear. The model is given by
with the Fermi velocity v F , k n = nπ/L, the twoparticle potential u(k), and bosonic operators b
n associated with the density of the fermions. Employing a Bogoliubov transformation H TL can be written as a diagonal quadratic form in eigenmodes with (bosonic) ladder operators α Using the Bogoliubov transformation and standard bosonization of the field operator 6, 7, 24, 34 it is straight forward to derive closed analytical expressions for the density n t (x), with x being the distance from the boundary, the density of states (DOS) ρ t (ω), and the density response χ t (q, ω) (see Appendix A). The latter two functions can be used to compute the conductance in the limits of small and large impurities (see below). The expectation values are obtained by taking Tr ρ 0 c e iHt Oe −iHt , where O stands either for an observable or the operator product defining a correlation function. After performing the thermodynamic limit the steady state values follow by taking t → ∞; all the above quantities converge and their steady-state limits are indicated by dropping the index t. We verified that the same t → ∞ expectation values can be computed using the statistical operator of a generalized Gibbs ensemble (GGE). 3, 14, 16, 17, 19, 37 At T = 0, with the initial state given by the noninteracting ground state, the steady state reached after the quench is 'critical', that is characterized by power-law scaling. [14] [15] [16] 19 As a consequence different observables show characteristic power-law behavior with exponents which in general are different to the exponents found in equilibrium. [6] [7] [8] [9] [10] [11] They can all be expressed in terms of the models LL parameter
−1/2 after the quench. The access density ∆n(x) = n(x) − ν, where ν denotes the filling, for large distances from the boundary observable/correl. funct. variable eq. exp. steady-state exp.
access density ∆n x falls off as
where superscripts eq and st refer to the (T = 0) equilibrium or the steady state reached after the interaction quench, respectively. Both cases show damped Friedel oscillations with frequency 2k F . One finds that as the (repulsive) interaction strength is increased and thus K becomes smaller (starting at K = 1 for the noninteracting case), the access density in the presence of a boundary in both cases falls off slower than for vanishing two-particle interaction, but with different exponents. The difference between ground-and steady-state exponents in the TL model was emphasized before considering other observables and correlation functions.
14-16,19
Additionally, we consider the frequency resolved local DOS ρ(ω) at small |ω| and close to the boundary. In the ground state it is suppressed as
which changes to
in the nonequilibrium steady state. In contrast to the equilibrium case in the steady state reached after the interaction quench the DOS takes a finite value ρ st (0) at ω = 0.
38 This incomplete suppression is reminiscent of the equilibrium DOS at finite temperatures for which the zero frequency value scales as T
35 The exponents of the power law behavior with which the ω = 0 spectral weights are reached differ between the equilibrium and steady-state situation. Both increase with increasing interaction.
Finally, we compute the zero frequency bulk charge susceptibility χ(ω = 0) for wave vectors close to the backscattering condition q = 2k F . The divergence (K < 1 for repulsive interactions) changes from the groundstate result
to
in the steady state. The comparison of the equilibrium and steady state exponents is summarized in Table I .
In the next section we directly compare the decay of the densities Friedel oscillations off the boundary in the steady state of a microscopic lattice model with the TL model prediction.
The scaling behavior of the bulk static density response χ st (q, ω = 0) allows us to make predictions for how the steady state reacts to a single impurity. For repulsive interactions K 2 − 1 < 0 and χ diverges for q → 2k F . As in equilibrium even a weak single impurity strongly disturbs the homogenous system. When applying an infinitesimal bias voltage V across the impurity the steady-state linear conductance G = dI st /dV (with the stationary current I st ) is expected to scale as
, with the constant homogenous chain conductance G 0 . The power law holds as long as the right hand side stays small, that is for not too small T . Using the language of equilibrium RG this indicates that the perfect chain fixed point is unstable. In contrast, the steady-state analog of the open chain one is stable as follows from the scaling of the local DOS. Fermis Golden Rule-like arguments lead to a tunneling conductance across a weak link connecting two semi-infinite chains which scales as G ∼ T K −2 −1 in a temperature regime which at the lower end is cut off by the finite DOS at ω = 0 [see Eq. (5)]. These arguments do not rule out intermediate impurity fixed points. Provided the concept of LL universality holds for the steady state we expect to find those weak and strong impurity scaling laws of G(T ) for a lattice model with the K of the model considered.
III. MICROSCOPIC MODEL
We consider the lattice model of spinless fermions with nearest-neighbor hopping J as well as interaction U and open boundaries terminating the N -site chain given by (8) in standard second quantized notation. In equilibrium the model is (A) Bethe ansatz solvable and (B) shows universal LL physics with K and v exactly known. 8 It is commonly believed that because of (A) the steady state after an interaction quench is described by a GGE but the corresponding statistical operator was so far neither constructed nor was a proof of its existence given. Our analysis does not rely on any such assumption. When discussing the impurity physics H LM is supplemented by a hopping impurity H imp = hc † N/2 c N/2+1 + H.c. of strength h ∈ [0, J] located in the middle of the chain.
A. Method
To compute the time evolution of the density n j as well as the conductance G we use an approximate functional RG 25, 26 based approach. Here, we employ the lowest order truncation scheme in the two-particle interaction. To this order the self-energy acquires a RG flow, which is crucial to capture the impurity physics, 11-13 while the two-particle vertex remains the bare one. Renormalization of the latter is a higher order effect. The same truncation level was earlier shown to capture the equilibrium LL properties of inhomogeneous lattice models including the characteristic power-law scaling, with exponents agreeing to the exact ones to leading order in U . 12, 13 . Motivated by the functional RG's success in describing the equilibrium properties of inhomogeneous lattice models, we extend it to tackle the quench dynamics in such systems. As the functional RG can directly be applied to the microscopic model, i.e. without the need of mapping it to an effective low-energy field-theory, the information about the high energy modes is not lost and one can hope to find reliable results also for the relaxation at short times (being influenced by the high energy characteristics of the underlying lattice model) as well as the crossover behaviour. We study the relaxation dynamics and the steady state of a closed many-body system described by a lattice model of spinless fermions with nearest neighbor hopping and interaction. Compared to the functional RG approach to time evolution for open quantum systems introduced in Ref. 26 , some minor amendments need to be made. Those are outlined next.
We can treat Hamiltonians of the form
written in standard second quantization. Hereū ijkl is the antisymmetrized two-particle interaction. For our lattice model H 0 = H LM (U = 0) and
The indices i, j, . . . stand for the quantum numbers, e.g. the N Wannier states in our lattice model. We assume an initial density matrix
Tr e ij βij c † i cj (12) which allows for the application of Wick's theorem. For our calculations we always choose the noninteracting canonical statistical operator ρ 0 = ρ 
The self-energy is obtained by solving a set of coupled differential flow equations
with the initial conditions at Λ = ∞
The right hand sides of the flow equations contain
with the full cutoff dependent Keldysh component of the Green function
The star differential operator ∂ * Λ acts only on the free Green function g ret/adv,Λ , not on Σ Λ , in the Dyson series expansion G ret/adv,Λ = g ret/adv,Λ + g ret/adv,Λ Σ Λ g ret/adv,Λ + . . . used to calculate G ret/adv,Λ . An approximation to the self-energy of the cutoff-free problem is obtained at Λ = 0. How to efficiently evaluate Eq. (21) is summarized in Appendix B.
An approximation for the occupancy of site j can directly be obtained from the Keldysh Green function at the end of the RG flow as
To calculate the current flowing from the left to the right half of the lattice in our microscopic model of interacting spinless fermions, we need to determine
where
j=1 n j (t), with n j = c † j c j being the occupancy operator of site j and . . . ρ 0 denotes the expectation value with respect to ρ 0 . 40 For simplicity we assume an even number of lattice sites N . Furthermore, we use
(24) with G < N/2N/2+1 (t, t) being the equal-time lesser Green function of the interacting system. 39 The functional RG method used here provides an approximation for this given by Therefore, plugging this lesser Green function into Eq. (24) allows to compute an approximation to the current and from this the conductance by numerical differentiation.
B. Results
In Fig. 1 we show the access density n j (t) − ν, with the filling ν, for fixed j starting out of the noninteracting impurity free ground state (T = 0). We can reach times of the order of a few 10 2 /J which has to be contrasted to the DMRG approach which becomes unreliable for times of the order of 10/J. 23 As shown in the main plot and the left inset a signal originating from the left boundary travels through the system. A similar one is generated at the right one. For a spatial region in which the left signal passed through and the right one did not enter yet the density becomes stationary. The physics for t ≈ 10 2 /J and j up to O(10 2 ) is thus dominated by the steady state and does barely suffer from finite size effects. The two signals propagate with the LL velocity v, 41-43 with our method providing an excellent approximation to the exact v (right inset of Fig. 1) .
In Fig. 2 we compare the functional RG data to numerically exact DMRG results for the time evolution after a quench in the interaction amplitude from U/J = 0 to U/J = 0.2. This value of U is of the same order as taken for all further analysis. On the scale of the plot the two datasets are indistinguishable for all sites j and all times reachable with DMRG. [27] [28] [29] [30] Within our DMRG approach to prepare the noninteracting ground state an iterative single site algorithm in matrix product state formula- tion was employed. The resulting wavefunction was than subjected to a real time evolution using a fourth order Suzuki-Trotter decomposition (J∆t = 0.2) ensuring that the discarded weight stays below a certain ǫ (different ǫ ranging from 10 −5 to 10 −8 were tested to yield coinciding results). The technical details are described in length in Ref. 27 . The excellent agreement of the results obtained by both methods does not only strengthen our confidence in the functional RG approach for the following steady state analysis, but also shows that indeed within functional RG we correctly incorporate also the high energy physics of the underlying lattice model, which is crucial for short times. The numerically exact solution of the time evolution within DMRG can however not be pushed to times large enough to allow for the sensitive analysis of power-law scaling conducted in the following with our functional RG approach.
In analogy to the ground state density 12 the stationary one n st j shows Friedel oscillations with frequency 2k F (see the j < 80 region of the lower part of the left inset of Fig. 1) . We next analyze their decay. Figure 3 shows the log-derivative of |n st j − 1/2|, that is an effective exponent. The dashed lines is the prediction from the TL model of Table I with the exact lattice model K. Our data are consistent with a power-law decay and the TL model exponent. This finding is our first indication of LL universality of the steady state. The differences between the exact exponent and our result is of order (U/J) 2 . On the right hand side of our RG flow equations we do not fully capture terms ∼ U 2 and thus control exponents only to order U/J. The discussed behavior is not restricted to the case of half filling. The inset of Fig. 3 shows |n st j − ν| for ν = 0.375 on a log-log scale and the corresponding TL model prediction as the envelope.
To compute the steady-state linear conductance of the lattice model we take the canonical density matrix ρ 0 c (with T > 0) corresponding to H LM (U = 0) + H imp as the initial state. The time evolution is performed with H LM (U > 0) + H imp supplemented by onsite energies V /2 (−V /2) for all j ≤ N/2 (j > N/2). The current I(t) across the impurity bond is computed. Following the same reasoning as for the density I becomes stationary for t of the order of 10 2 /J. We take V to be the smallest energy scale of the problem (typically V = 10 −3 J) to ensure that we are in the linear regime I st = GV . For T J we find G(T ) ∼ T −1 , 13 which is a band effect (see the inset of Fig. 5 ). The universal scaling of the conductance discussed in the last section can only be expected for T ≪ J. We first analyze the case of weak impurities. To eliminate the constant G 0 we take the derivative of G with respect to T . Based on our above considerations we expect to find dG/dT ∼ T K 2 −2 ; see Fig. 4 . Over roughly one order of magnitude the functional RG data follow the TL model prediction with the exact K of our lattice model. The deviations for T /J > 0.1 indicate the crossover to the nonuniversal G(T ) ∼ T −1 regime. The ones for T /J < 0.01 have two reasons. As discussed above the scaling only holds as long as T does not become too small. Furthermore, the energy level spacing δ N = v F /N (= 2 · 10 −3 J for the parameters of the plot) is an energy scale of the problem which cuts off any universal behavior. 12, 13 This is an artefact of our treatment of finite systems. For small h and T /J ∈ [0.1, 0.005], G 0 − G(T ) ≪ 1. Our analysis thus requires very accurate data. To minimize the error due to small residual oscillations of I(t) present even for t of the order of 10 2 /J we averaged the data at large t over a small time interval.
In the inset of Fig. 5 we present our results for G(T ) across a strong impurity. Even without any t averaging our data are accurate enough such that the log-derivative, that is the effective exponent, gives a smooth curve. The data clearly show the crossover from the nonuniversal T −1 behavior at large T to the TL model prediction T K −2 −1 at low ones. For T → 0 the scaling is cut off by both the finite size scale δ N as well as the finite DOS at ω = 0 [see Eq. (5)]. In the limits of strong and weak impurities our results for the linear conductance of the lattice model thus agree to the TL model prediction providing the second indication of LL universality of the steady state.
We finally show that in the steady state of the lattice model no fixed point in between the perfect and the steady-state analog of the open chain ones exist. To this end we compute G(T ) for a variety of h at fixed U and ν. Using a one-parameter scaling ansatz of the form G(T ) =G(y), 11, 13 with y = (T /s) (K 2 −1)/2 and the nonuniversal scale s(U, ν, h), all data can be collapsed on a single curve continuously connecting the weak (y → 0) and strong (y → ∞) impurity fixed points; see the main plot of Fig. 5 .
IV. OPEN QUESTIONS
We provided evidence that the steady state of an interacting 1d lattice model after a quantum quench shows LL universality. Our analysis relies on the functional RG approach in its lowest-order truncation, 25, 26 which is sufficient to obtain LL power laws with U -dependent exponents. An obvious first question arising is if higher order terms in U/J might change this picture. In fact, a series of RG studies of the field-theoretical TL model complemented by 'perturbations' indicates, that powerlaw scaling is destroyed on long times by certain such terms. [20] [21] [22] In nonequilibrium it is not established if and how the field theory studied in those papers is related to microscopic lattice models considered by us. 44 Currently, the results of Refs. 20-22 and our findings should thus be viewed as complementary and not contradicting. We emphasize that the notion of LL universality involves lattice models and not only field theories. 8 The numerically 'exact' results of Ref. 23 for the time-evolution towards the steady state are consistent with our findings. For the U/J ≤ 0.5 considered by us the corrections of order (U/J) 2 are small. Even if they would destroy the LL scaling on very large time scales, we expect that remnants of the predicted LL steady state can be found up to this scale. The second apparent open question is if and how the picture changes if a lattice model is considered which is not Bethe ansatz solvable ('nonintegrable'). We here merely note that for the time dependence indications of universal LL power laws were found even for such models.
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whereΣ ret,Λ (t 1 ) is the self-energy time averaged over the interval (t 1 , t 1 + ∆t). The interacting Keldysh Green function G K,Λ (t, t) can then be found iteratively employing G K,Λ (t + ∆t, t + ∆t) = G ret,Λ (t + ∆t, t)G K,Λ (t, t)G ret,Λ (t, t + ∆t), (B4)
In every time step two matrix exponentials of N × N matrices have to be performed and multiplied with the Keldysh component of the Green function of the previous one. This renders the problem a natural candidate for graphics processing unit (GPU) supported algorithms. We use such to compute the results shown in the main text. The number N t of time steps needed to obtain sufficient accuracy (and resolution) as well as to reach times which are large enough such that the physics is dominated by the steady state enters the number of equations to be solve. For the Hamiltonian considered in the main text we solve sets of (3N −2)N t coupled differential equations. Due to the nearest neighbor structure of the interaction 3N − 2 components of the self energy flow for each of the N t time steps. Typical numbers considered are N = 1000 lattice sites and N t = 1600 time steps.
